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1 Introduction
The purpose of this article is to obtain some existence results for nonlinear boundary
value problems of the form {
(ϕ(u′))′ = f(t, u, u′)
l(u, u′) = 0, (1.1)
where l(u, u′) = 0 denotes the boundary conditions u(0) = u′(0) = u′(T ) or u(0) =
u(T ) = u′(T ) on the interval [0, T ], ϕ : R→ (−a, a) is a homeomorphism such that
ϕ(0) = 0, f : [0, T ]× R× R→ R is a continuous function, and a and T are positive
real numbers. The course, a solution of (1.1) is a function u : [0, T ]→ R of class C1,
satisfying the boundary conditions, such that ϕ(u′) is continuously differentiable
and verifies (ϕ(u′(t)))′ = f(t, u(t), u′(t)) for all t ∈ [0, T ].
∗Email: dionicio@ime.usp.br
1
ar
X
iv
:1
61
0.
02
46
1v
1 
 [m
ath
.C
A]
  8
 O
ct 
20
16
Several papers have been recently devoted to the study of nonlinear ordinary
differential equations of the form (1.1), where l(u, u′) = 0 denotes the periodic,
Neumann or Dirichlet boundary conditions. In particular, for ϕ(s) = s/
√
1 + s2
and Dirichlet conditions, one can consult [5, 6, 7, 10].
In [2], the authors have studied the problem (1.1), where f : [0, T ]×Rn×Rn → Rn
is a Carathe´odory function, ϕ : Rn → B1(0) ⊂ Rn, and l(u, u′) = 0 denotes the
periodic boundary conditions. They obtained the existence of solutions by means of
the Leray-Schauder degree theory. The interest in this class of nonlinear operators
u 7→ (ϕ(u′))′ is mainly due to the fact that they include the mean curvature operator
u 7→div
(
∇u√
1+|∇u|2
)
.
In 2006, C. Bereanu and J. Mawhin [4], using the Leray-Schauder degree theory,
studied the nonlinear problems of the form{
(ϕ(u′))′ = f(t, u, u′)
u(0) = 0 = u(T )
and {
(ϕ(u′))′ = f(t, u, u′)
u′(0) = 0 = u′(T ),
where f : [0, T ] × R × R → R is a continuous function and ϕ : R → (−a, a)
is a homeomorphism such that ϕ(0) = 0. They obtained the following existence
theorems, respectively.
Theorem 1.1. If the function f satisfies the condition
∃ c > 0 such that |f(t, x, y)| ≤ c < a2T , ∀(t, x, y) ∈ [0, T ]× R× R,
the Dirichlet problem has at least one solution.
Theorem 1.2. Let f be continuous. Assume that f satisfies the following condi-
tions.
1. There exists c ∈ C such that ‖c−‖L1 < a2 and f(t, x, y) ≥ c(t) for all (t, x, y) ∈
[0, T ]× R× R.
2. There exist R > 0 and  ∈ {−1, 1} such that

∫ T
0 f(t, u(t), u
′(t))dt > 0 if um ≥ R, ‖u′‖∞ ≤M ,

∫ T
0 f(t, u(t), u
′(t))dt < 0 if uM ≤ −R, ‖u′‖∞ ≤M ,
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where L = max
{∣∣ϕ−1(2 ‖c−‖L1)∣∣ , ∣∣ϕ−1(−2 ‖c−‖L1)∣∣}. Then the Neumann problem
has at least one solution.
Inspired by those results, we study the problems (1.1) by using similar topological
methods based upon Leray-Schauder degree. The main contribution of this paper
is the extension of some results above cited to a more general type of boundary
conditions.
The paper is organized as follows. In Section 2, we establish the notation, termi-
nology, and various lemmas which will be used throughout this paper. Section 3 is
devoted to the study of existence of solutions for (1.1) with boundary conditions of
type u(0) = u′(0) = u′(T ). In Section 4, for u(0) = u(T ) = u′(T ) boundary condi-
tions, we investigate the existence of at least one solution for (1.1). Such problems
do not seem to have been studied in the literature. In the present paper generally
we follow the ideas of Bereanu and Mawhin [1, 4].
2 Notation and preliminaries
We first introduce some notation. For fixed T , we denote the usual norm in L1 =
L1([0, T ] ,R) for ‖·‖L1 . Let C = C([0, T ] ,R) denote the Banach space of contin-
uous functions from [0, T ] into R, endowed witch the uniform norm ‖·‖∞, C1 =
C1([0, T ] ,R) denote the Banach space of continuously differentiable functions from
[0, T ] into R, equipped witch the usual norm ‖u‖1 = ‖u‖∞ + ‖u′‖∞, and Bρ(0) the
open ball of center 0 and radius ρ in any normed space.
We introduce the following applications:
the Nemytskii operator Nf : C
1 → C,
Nf (u)(t) = f(t, u(t), u
′(t)),
the integration operator H : C → C1,
H(u)(t) =
∫ t
0 u(s)ds,
the following continuous linear applications:
K : C → C1, K(u)(t) = − ∫ Tt u(s)ds,
Q : C → C, Q(u)(t) = 1T
∫ T
0 u(s)ds,
S : C → C, S(u)(t) = u(T ),
P : C → C, P (u)(t) = u(0).
3
For u ∈ C, we write
um = min
[0,T ]
u, uM = max
[0,T ]
u, u+ = max {u, 0} , u− = max {−u, 0}.
For the convenience of the reader we recall some results, which will be crucial in
the proofs of our results. The following results are taken from [8](see also [3, 11],
respectively). The firs one is needed in the construction of the equivalent fixed point
problem.
Lemma 2.1. Let B = {h ∈ C : ‖h‖∞ < a/2}. For each h ∈ B, there exists a unique
Qϕ = Qϕ(h) ∈ Im(h) (where Im(h) denotes the range of h) such that∫ T
0 ϕ
−1(h(t)−Qϕ(h))dt = 0.
Moreover, the function Qϕ : B → R is continuous and sends bounded sets into
bounded sets.
The second one is an extension of the homotopy invariance property for Leray-
schauder degree.
Lemma 2.2. Let X be a real Banach space, V ⊂ [0, 1]×X be an open, bounded set
and M be a completely continuous operator on V such that x 6= M(λ, x) for each
(λ, x) ∈ ∂V . Then the Leray-Shauder degree
degLS(I −M(λ, .), Vλ, 0)
is well defined and independent of λ in [0, 1], where Vλ is the open, bounded (possibly
empty) set defined by Vλ = {x ∈ X : (λ, x) ∈ V }.
3 Problems with bounded homeomorphisms
In this section we are interested in boundary value problems of the type{
(ϕ(u′))′ = f(t, u, u′)
u(0) = u′(0) = u′(T ), (3.2)
where ϕ : R → (−a, a) is a homeomorphism, ϕ(0) = 0 and f : [0, T ] × R × R → R
is a continuous function. In order to apply Leray-Schauder degree theory to show
the existence of at least one solution of (3.2), we consider for λ ∈ [0, 1], the family
of boundary value problems{
(ϕ(u′))′ = λNf (u) + (1− λ)Q(Nf (u))
u(0) = u′(0) = u′(T ). (3.3)
Notice that 3.3 coincide, for λ = 1, with (3.2). Now, we introduce the set
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Ω =
{
(λ, u) ∈ [0, 1]× C1 : ‖λH(Nf (u)−Q(Nf (u))) + ϕ(P (u))‖∞ < a
}
,
where clearly Ω is an open set in [0, 1]×C1, and is nonempty because {0}×C1 ⊂ Ω.
Introduce also the operator M : Ω→ C1 defined by
M(λ, u) = P (u) +Q(Nf (u)) +H(ϕ
−1 [λH(Nf (u)−Q(Nf (u))) + ϕ(P (u))]). (3.4)
Here ϕ−1 with an abuse of notation is understood as the operator ϕ−1 : Ba(0) ⊂
C → C defined by ϕ−1(v)(t) = ϕ−1(v(t)). The symbol Ba(0) denoting the open ball
of center 0 and radius a in C. It is clear that ϕ−1 is continuous and sends bounded
sets into bounded sets.
When the boundary conditions are periodic or Neumann, an operator has been
considered by Bereanu and Mawhin [4].
The following lemma plays a pivotal role to study the solutions of the problem
(3.3).
Lemma 3.1. The operator M : Ω→ C1 is well defined and continuous. Moreover,
if (λ, u) ∈ Ω is such that M(λ, u) = u, then u is solution of (3.3).
Proof. Let (λ, u) ∈ Ω. We show that in fact M(λ, u) ∈ C1. The continuity of
M(λ, u) is a straightforward consequence of the fact that this map is a composition
of continuous maps. In addition
(M(λ, u))
′
= ϕ−1 [λH(Nf (u)−Q(Nf (u))) + ϕ(P (u))].
That is, (M(λ, u))
′
is a composition of continuous operators and thus M(λ, u) ∈ C1.
The continuity of M follows by the continuity of the operators which compose it M .
Now suppose that (λ, u) ∈ Ω is such that M(λ, u) = u. It follows from (3.4) that
u(t) = u(0) +Q(Nf (u))(t) +H(ϕ
−1 [λH(Nf (u)−Q(Nf (u))) + ϕ(P (u))])(t) (3.5)
for all t ∈ [0, T ]. Then, taking t = 0 we get
Q(Nf (u)) = 0. (3.6)
Differentiating (3.5), we obtain that
u′(t) = ϕ−1 [λH(Nf (u)−Q(Nf (u))) + ϕ(P (u))] (t)
= ϕ−1 [λH(Nf (u)−Q(Nf (u)))(t) + ϕ(u(0))] .
In particular,
u(0) = u′(0) = u′(T ).
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Applying ϕ to both of its members, differentiating again and using (3.6), we deduce
that
(ϕ(u′(t)))′ = λNf (u) + (1− λ)Q(Nf (u))(t)
for all t ∈ [0, T ]. Thus, u satisfies problem (3.3). This completes the proof.
Remark 3.2. Note that for λ ∈ [0, 1], if u is a solution of (3.3), then Q(Nf (u)) = 0.
The following lemma gives a priori bounds for the possible fixed points of M .
Lemma 3.3. Assume that f satisfies the following conditions.
1. There exists M1 < M2 such that for all u ∈ C1,∫ T
0 f(t, u(t), u
′(t))dt 6= 0 if u′m ≥M2,
∫ T
0 f(t, u(t), u
′(t))dt 6= 0 if u′M ≤M1.
2. There exists c ∈ C such that
f(t, x, y) ≥ c(t) and L+ 2 ‖c−‖L1 < a
for all (t, x, y) ∈ [0, T ]× R× R and L = max {|ϕ(M2)| , |ϕ(M1)|}.
If (λ, u) ∈ Ω is such that u = M(λ, u), then
‖λH(Nf (u)−Q(Nf (u))) + ϕ(P (u))‖∞ < L+ 2 ‖c−‖L1 and ‖u‖1 < r(2 + T ),
where
r = max
{∣∣ϕ−1(L+ 2 ∥∥c−∥∥
L1
)
∣∣ , ∣∣ϕ−1(−L− 2 ∥∥c−∥∥
L1
)
∣∣}
.
Proof. Let (λ, u) ∈ Ω be such that u = M(λ, u). Using Lemma 3.1, u is a solution
of problem (3.3), then
Q(Nf (u)) = 0, (3.7)
and thus u solves the problem
(ϕ(u′))′ = λNf (u), u(0) = u′(0) = u′(T ).
Hence
ϕ(u′(t)) = λH(Nf (u)−Q(Nf (u)))(t) + ϕ(u(0)) (t ∈ [0, T ]) . (3.8)
On the other hand using hypothesis 1, we have that
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u′m < M2 and u′M > M1.
It follows that there exists ω ∈ [0, T ] such that M1 < u′(ω) < M2 and∫ t
ω(ϕ(u
′(s)))′ds = λ
∫ t
ωNf (u)(s)ds,
which implies that
|ϕ(u′(t))| ≤ |ϕ(u′(ω))|+ ∫ T0 |f(s, u(s), u′(s))| ds,
where ∫ T
0 |f(s, u(s), u′(s))| ds ≤
∫ T
0 f(s, u(s), u
′(s))ds+ 2
∫ T
0 c
−(s)ds.
Hence
|ϕ(u′(t))| < L+ 2 ‖c−‖L1 ,
where L = max {|ϕ(M2)| , |ϕ(M1)|} and t ∈ [0, T ]. Using the equality above (3.8),
we have
‖λH(Nf (u)−Q(Nf (u))) + ϕ(P (u))‖∞ < L+ 2 ‖c−‖L1 < a,
which provides
‖u′‖∞ < r,
where r = max
{∣∣ϕ−1(L+ 2 ‖c−‖L1)∣∣ , ∣∣ϕ−1(−L− 2 ‖c−‖L1)∣∣}. Because u ∈ C1 is
such that u′(0) = u(0) we have that
|u(t)| ≤ |u(0)|+ ∫ T0 |u′(s)|ds < r + rT (t ∈ [0, T ]).
So, we obtain that ‖u‖1 = ‖u‖∞ + ‖u′‖∞ < r + rT + r = r(2 + T ). This completes
the proof of Lemma 3.3.
Let ρ, κ ∈ R be such that L+ 2 ‖c−‖L1 < κ < a, ρ > r(2 + T ) and consider the
set
V =
{
(λ, u) ∈ [0, 1]× C1 : ‖λH(Nf (u)−Q(Nf (u))) + ϕ(P (u))‖∞ < κ, ‖u‖1 < ρ
}
.
Since the set {0}×{u ∈ C1 : ‖u‖1 < ρ, ‖ϕ(P (u))‖∞ < κ} ⊂ V , then we deduce that
V is nonempty. Moreover, it is clear that V is open and bounded in [0, 1]×C1 and
V ⊂ Ω. On the other hand using an argument similar to the one introduced in the
proof of Lemma 3.1, it is not difficult to see that M : V → C1 is well defined and
continuous. Furthermore, using Lemma 3.3, we have that
u 6= M(λ, u) for all (λ, u) ∈ ∂V .
Lemma 3.4. The operator M : V → C1 is completely continuous.
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Proof. Let Λ ⊂ V be a bounded set. Then, if (λ, u) ∈ Λ, there exists a constant
δ > 0 such that
‖(λ, u)‖ = max {‖λ‖ , ‖u‖1} ≤ δ. (3.9)
Let us show that M(Λ) ⊂ C1 is compact. To see this consider first a sequence (vn)n
of M(Λ) and let (λn, un)n be a sequence in Λ such that vn = M(λn, un). Using
(3.9), we have that there exists a constant L1 > 0 such that, for all n ∈ N,
‖Nf (un)‖∞ ≤ L1.
Because ‖λnH(Nf (un)−Q(Nf (un))) + ϕ(P (un))‖∞ ≤ κ < a for all n ∈ N, it
follows that the sequence (λnH(Nf (un) − Q(Nf (un))) + ϕ(P (un)))n is bounded in
C. Moreover, for any t, t1 ∈ [0, T ] and for all n ∈ N we have
|λnH(Nf (un)−Q(Nf (un)))(t) + ϕ(un(0))− λnH(Nf (un)−Q(Nf (un)))(t1)− ϕ(un(0))|
≤
∣∣∣∣∫ t
t1
f(s, un(s), u
′
n(s))ds−
∫ t
t1
Q(Nf (un))(s)ds
∣∣∣∣
≤ |t− t1| ‖Nf (un)‖∞ + |t− t1| ‖Q(Nf (un))‖∞
≤ L1 |t− t1|+ L1 |t− t1|
≤ 2L1 |t− t1| ,
which implies that (λnH(Nf (un) − Q(Nf (un))) + ϕ(P (un)))n is equicontinuous.
Thus, by the Arzela`-Ascoli theorem there is a subsequence of (λnH(Nf (un)−Q(Nf (un)))+
ϕ(P (un)))n, which we call (λnH(Nf (uj) − Q(Nf (uj))) + ϕ(P (uj)))j , which is con-
vergent in C. Using that ϕ−1 : Ba(0) ⊂ C → C is continuous it follows from
(M(λnj , unj ))
′ = ϕ−1 [λnH(Nf (uj)−Q(Nf (uj))) + ϕ(P (uj))]
that the sequence ((M(λnj , unj ))
′)j is convergent in C. Then, passing to a sub-
sequence if necessary, we obtain that (vnj )j = (M(λnj , unj ))j is convergent in C
1.
Finally, let (vn)n be a sequence in M(Λ). Let (zn)n ⊆M(Λ) be such that
lim
n→∞ ‖zn − vn‖1 = 0.
Let in addition (znj )j be a subsequence of (zn)n that converges to z. Therefore,
z ∈M(Λ) and (vnj )j converge to z. This concludes the proof.
3.1 Main result
In this subsection, we present and prove an existence theorem for (3.2). We denote
by degB the Brouwer degree and for degLS the Leray-Schauder degree, and define
the mapping G : R2 → R2 by
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G : R2 → R2, (x, y) 7→ (− 1T
∫ T
0 f(t, x+ yt, y)dt, y − x).
Theorem 3.5. Let f : [0, T ] × R × R → R be continuous and satisfy condition
(1) and (2) of Lemma 3.3. Then, for all ρ > r(2 + T ) and for all κ ∈ R with
L+ 2 ‖c−‖L1 < κ < a, we have
degLS(I −M(1, ·), V1, 0) = degB(G,∆, 0),
where V1 is the open, bounded set defined by V1 =
{
u ∈ C1 : (1, u) ∈ V } and ∆ =
Bρ(0) ∩ R2 ∩
{
(x, y) ∈ R2 : |ϕ(x)| < κ}. If furthermore
degB(G,∆, 0) 6= 0,
problem (3.2) has at least one solution.
Proof. Let M be the operator given by (3.4). Using Lemma 2.2, we deduce that
degLS(I −M(0, .), V0, 0) = degLS(I −M(1, .), V1, 0),
On the other hand, we have that
degLS(I −M(0, .), V0, 0) = degLS(I − (P +QNf +HP ), V0, 0).
But the range of the mapping
u 7→ P (u) +Q(Nf (u)) +H(P (u))
is contained in the subspace of related functions, isomorphic to R2. Using homotopy
invariance and reduction properties of Leray-Schauder degree [9], we obtain
degLS(I − (P +QNf +HP ), V0, 0)
= degB
(
I − (P +QNf +HP )
∣∣
∆ ,∆, 0
)
= degB(G,∆, 0) 6= 0.
Then, degLS(I −M(1, .), V1, 0) 6= 0. This implies that, there exists u ∈ V1 such that
M(1, u) = u, which is a solution for (3.2).
Remark 3.6. Using the family of boundary value problems{
(ϕ(u′))′ = λNf (u) + (1− λ)Q(Nf (u))
u(T ) = u′(0) = u′(T ) (3.10)
which gives the completely continuous homotopy M˜ defined by
M˜(λ, u) = S(u) +Q(Nf (u)) +K(ϕ
−1 [λH(Nf (u)−Q(Nf (u))) + ϕ(S(u))]),
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and similar a priori bounds as in the Lemma 3.3, it is not difficult to see that (3.10)
has a solution for λ = 1.
Let us give now an application of Theorem 3.5.
Example 3.7. Consider the boundary value problem{ (
u′√
1+u′2
)′
= e4u
′ − e
u(0) = u′(0) = u′(T ).
(3.11)
Let u ∈ C1, M1 = 0 and M2 = 12 . If we suppose that u′m ≥ M2 and u′M ≤ M1,
then ∫ T
0 (e
4u′(t) − e)dt ≥ (e2 − e)T > 0, ∫ T0 (e4u′(t) − e)dt ≤ (1− e)T < 0.
Let c(t) = −3 for all t ∈ [0, T ], and let L = 1√
5
. If L + 6T < κ = 0, 9 < 1 and
ρ > r(2 + T ) = L+6T√
1−(L+6T )2 (2 + T ), then the equation
G(x, y) =
(
− 1
T
∫ T
0
f(t, x+ yt, y)dt, y − x
)
= (0, 0)
=
(
− 1
T
∫ T
0
(e4y − e)dt, y − x
)
= (0, 0)
=
(−e4y + e, y − x) = (0, 0)
has no solution on ∂∆, and hence the Brouwer degree degB(G,∆, (0, 0)) is well
defined. So, using the properties of the Brouwer degree, we have
degB(G,∆, (0, 0)) =
∑
(x,y)∈G−1(0,0)
sgnJG(x, y) 6= 0,
where (0, 0) is a regular value of G and JG(x, y) =detG
′(x, y) is the Jacobian of G
at (x, y). Therefore, the problem (3.11) has at least one solution.
4 Existence results for problems with bounded homeo-
morphisms
In this section we study the existence of at least one solution for nonlinear problems
of the form {
(ϕ(u′))′ = f(t, u, u′)
u(T ) = u(0) = u′(T ), (4.12)
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where ϕ : R→ (−a, a) is a homeomorphism, ϕ(0) = 0 and f : [0, T ]×R×R→ R is
a continuous function such that
|f(t, x, y)| ≤ c < a
2T
for all (t, x, y) ∈ [0, T ]× R× R. (4.13)
Now, using Lemma 2.1 and (4.13) we introduce the operator M1 : C
1 → C1 defined
by
M1(u) = ϕ
−1(−Qϕ(K(Nf (u)))) +H
(
ϕ−1 [K(Nf (u))−Qϕ(K(Nf (u)))]
)
.
The following results are taken from [8].
Lemma 4.1. If u ∈ C1 is such that u = M1(u), then u is a solution of (4.12).
Lemma 4.2. The operator M1 : C
1 → C1 is completely continuous.
In order to apply Leray-Schauder degree to the fixed point operator M1, we
introduce, for λ ∈ [0, 1], the family of boundary value problems{
(ϕ(u′))′ = λf(t, u, u′)
u(T ) = u(0) = u′(T ). (4.14)
Notice that (4.14) coincide with (4.12) for λ = 1. For each λ ∈ [0, 1], we can define
on C1 the operator M(λ, ·), where M is defined on [0, 1]× C1 by
M(λ, u) = ϕ−1(−Qϕ(λK(Nf (u)))) +H
(
ϕ−1 [λK(Nf (u))−Qϕ(λK(Nf (u)))]
)
.
(4.15)
Using the Arzela`-Ascoli theorem it is not difficult to see that M is completely con-
tinuous.
Lemma 4.3. If (λ, u) ∈ [0, 1]×C1 is such that u = M(λ, u), then u is a a solution
of (4.14).
Proof. Let (λ, u) ∈ [0, 1]× C1 be such that u = M(λ, u). Then
u(t) = ϕ−1(−Qϕ(λK(Nf (u)))) +H
(
ϕ−1 [λK(Nf (u))−Qϕ(λK(Nf (u)))]
)
(t)
(4.16)
for all t ∈ [0, T ]. Since ∫ T0 ϕ−1 [λK(Nf (u))(t)−Qϕ(λK(Nf (u)))] dt = 0, therefore,
we have that u(0) = u(T ). Differentiating (4.16), we obtain that
u′(t) = ϕ−1 [λK(Nf (u))−Qϕ(λK(Nf (u)))] (t).
In particular,
u′(T ) = ϕ−1(0−Qϕ(λK(Nf (u)))) = ϕ−1(−Qϕ(λK(Nf (u)))) = u(0).
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Applying ϕ to both members and differentiating again, we deduce that
(ϕ(u′(t)))′ = λNf (u)(t), u(0) = u(T ), u(0) = u′(T )
for all t ∈ [0, T ]. This completes the proof.
Remark 4.4. Note that the reciprocal of Lemma 4.3 is true because we can guar-
antee that ‖λK(Nf (u)‖∞ < a/2 for every solution u of (4.14).
Now we show the existence of at least one solution for problem (4.12) by means
of Leray-Schauder degree. This result is inspired on works by Bereanu and Mawhin
[4].
Theorem 4.5. Let f : [0, T ]×R×R −→ R be continuous. If f satisfies the condition
(4.13), then the problem (4.12) has at least one solution.
Proof. Let (λ, u) ∈ [0, 1]× C1 be such that u = M(λ, u). Then
u(t) = ϕ−1(−Qϕ(λK(Nf (u)))) +H
(
ϕ−1 [λK(Nf (u))−Qϕ(λK(Nf (u)))]
)
(t)
for all t ∈ [0, T ]. Differentiating, we obtain that
u′(t) = ϕ−1 [λK(Nf (u))−Qϕ(λK(Nf (u)))] (t)
= ϕ−1 [λK(Nf (u))(t)−Qϕ(λK(Nf (u)))] .
Applying ϕ to both of its members we have that
ϕ(u′(t)) = λK(Nf (u))(t)−Qϕ(λK(Nf (u))) (t ∈ [0, T ]).
Using the fact that f is bounded, we deduce the elementary inequality
‖ϕ(u′)‖∞ ≤ 2cT < a.
Hence,
‖u′‖∞ ≤ L,
where L = max
{∣∣ϕ−1(2cT )∣∣ , ∣∣ϕ−1(−2cT )∣∣}. Because u ∈ C1 is such that u(0) =
u′(T ) we have that
|u(t)| ≤ |u(0)|+ ∫ T0 |u′(s)|ds ≤ L+ LT (t ∈ [0, T ]),
and hence
‖u‖1 = ‖u‖∞ + ‖u′‖∞ ≤ L+ LT + L = L(2 + T ).
Let M be operator given by (4.15) and let ρ > L(2 + T ). Using the homotopy
invariance of the Leray-Schauder degree, we have
degLS(I −M(0, ·), Bρ(0), 0) = degLS(I −M(1, ·), Bρ(0), 0).
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On the other hand, we have that
degLS(I −M(0, ·), Bρ(0), 0) = degLS(I,Bρ(0), 0) = 1.
Then, from the existence property of Leray-Schauder degree [9], there exists u ∈
Bρ(0) such that u = M(1, u), which is a solution for (4.12).
Example 4.6. Consider the boundary value problem{ (
u′√
1+u′2
)′
= βcosu
u(0) = u(T ) = u′(T ).
(4.17)
So, we can choose β < 12T to see Theorem 4.5 holds and so the problem 4.17 has at
least one solution.
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